ON THE PERIODIC KORTEWEG-DE VRIES EQUATION: 
A NORMAL FORM APPROACH 



SEUNGLY OH 

Abstract. This paper discusses an improved smoothing phenomena for low-regularity 
solutions of the Korteweg-de Vries (KdV) equation in the periodic settings by means 
of normal form transformation. As a result, the solution map from a ball on H~2 + to 
Cq([0, T], H~z + ) can be shown to be Lipschitz in a H® + topology, where the Lipschitz 
constant only depends on the rough norm ||u.o|| _i + of the initial data. A similar episode 
has been observed in a recent paper on ID quadratic Schrodinger equation in low-regularity 
setting. 



1. Introduction 
Consider the real- valued periodic Korteweg-de Vries (KdV) equation 

m u t + u xxx = d x (u 2 ); (t, x) e [0, T] x T 

{ ) u(0,x) = u G H- S (T) 

where T = R mod [0, 2tt}. Using function spaces introduced by Bourgain in 0, the lo- 
cal well-posedness of (OQ) for s < 1/2 was proved by Kenig, Ponce, Vega in BU. Ten years 
later, the global well-posedness of this problem for s < 1/2 was proved by Colliander, 
Keel, Staffilani, Takaoka and Tao in [4], where they introduced I-method for constructing 
almost-conserved quantities. For a further survey on this topic, refer to [1] and the refer- 
ences therein. 

The purpose of this paper is not to extend these results, which are sharp in the sense of 
uniformly continuous solution map, but instead to examine some properties of solutions 
with rough initial data. In fact, we will take for granted the well-posedness of (QQ), but we 
remark that this method can be refined to produce a priori estimates for the correspond- 
ing contraction argument to prove the quantitative local well-posedness of periodic KdV 
(refer lfT2lO . Our main result shows that, at least locally in time, the solution can be decom- 
posed into an explicit component containing the initial data and a smoother component. 
Furthermore, this leads to a new property of the solution map- i.e. Lipschitz-ness in a 
considerably smoother space. This is a direct analogue of our previous result lfT2l for 1-D 
quadratic Schrodinger equation. 



We achieve this by constructing a bilinear pseudo-differential operator, which gains reg- 
ularity in space essentially by taking advantage of time resonance described in Ifl4ll . This 
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technique is known as normal form, orginating from the well-known technique in ODE. It 
was first applied within the context of PDE by Shatah IfTBl to analyse quadratic non-linear 
Klein-Gordon equations. More recently, this technique came into much attention, particu- 
larly by Germain, Masmoudi and Shatah in 0. 

This technique was applied in the periodic KdV setting in [1], where it is referred to as 
differentiation by parts. In J6]|, the differentiation-by-parts technique was used to show a 
global smoothing for the periodic KdV. Here, Erdogan and Tzirakis proved that the global 
solution u of ([TJ) with initial data u G H~ s for s < 1/2 satisfies u — e~ td *Uo G H~ s+1 
where 7 < min(— 2s + 1, 1). Close to L 2 , this gives a gain of a full derivative. But as we 
approach H~ l l 2 , this gain gradually disappears. 

In this paper, we approach the problem in a different manner. To motivate our setting, we 
recall from B2l that a trilinear resonant term causes a trouble in the low regularity analysis 
of modified KdV. A similar trouble was observed for KdV in [[TJ and [6|| after perform- 
ing differentiation by parts. In view of this, we will filter out an explicit roughest resonant 
term, denoted R*[uq] G H~ s , instead of filtering out the free solution e~ tdx Uo as in [6]. The 
exact formulation of this term will be given in Section [3TTL as well as the Lipschitz property 
of this map in LemmalU Then we observe that there can be a smoothing of 1/2 derivatives 
even for the lowest known Sobolev index H~ l l 2+ . We remark that this is an improvement 
from the result in ^ for the range of indices s G (1/4, 1/2). 

The following is the main result of this work: 

Theorem 1. Let < s < 1/2 and < 5 <C | — s. For any real-valued u G H~ S (T) 
with Wo(0) = 0, there exists a time interval [0, T] with T ~ ||tt(0)||^" s / T s/or some a > 

so that the real-valued solution u G C°([0, T]; H~ S (T)) to the periodic boundary value 
problem (Q]) can be decomposed in the following manner: u = R*[u Q ] + h + w where 

R*[u ] G L?H- S ; h G L™H- S+1 ; w G X T s+ ^ +& . 

Furthermore, we can write the Lipschitz property of the solution map in a smoother 
space: 

ll---ll Ct([0>T]; ^ ) <^J W o-^o|l Hr+ ^ 
where \\uq\\ h -s + ||i>o||.h- s < N, and Cn,t,8 depends only on N, T and 5. 

We remark that Theorem [j] implies u - R*[f] G C°([0, T); HT^ 2 ) for s > 1/2, when 
we consider the embedding X s ^ +& c Cq([0, T]; H^) for any 5 > and s G R. 

The paper is organized as follows. In Section[2l we introduce the X s ' b spaces and known 
results concerning these spaces. Section[3]contains the proof of Theorem Q] in the following 
manner: In Section 13 . 1 L we construct the normal form and perform a few change of vari- 
ables to reach the new formulation of the equation (OQ) for our purpose. In 13.21 we obtain 
the necessary bilinear and trilinear estimates for the contraction argument. In Section [3731 
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we conclude the proof of the theorem. 
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2. Notations and preliminaries 

2.1. Notations. We adopt the standard notations in approximate inequalities as follows: 
By A < B, we mean that there exists an absolute constant C > with A < B. A <^ B 
means that the implicit constant is taken to be a sufficiently large positive number. For any 
number of quantities a 1: . . . , a k , A < aij ... jafc B means that the implicit constant depends 
only on , a k . Finally, by A ~ B, we mean A < B and B < B. 

We indicate by rj a smooth time cut-off function which is supported on [—2, 2] and equals 
1 on [—1,1]. Notations here will be relaxed, since the exact expression of 77 will not in- 
fluence the outcome. For any normed space y, we denote the norm y T by the expression 

H\y T = \Ht/T)u\\ y . 

The spatial, space-time Fourier transforms and spatial inverse Fourier transform are 

/(0 

where (GZ. For a reasonable expression a, we denote pseudo-differential operators with 
symbol (7(0 viaa(V)/ = a(d x )f := ^->(i0/(0]- Also, we define (£> := 1 + |f |. 



2.2. X s 6 spaces and and local-wellposedness theory. Bourgain spaces are constructed 
as the completion of smooth functions with with respect to the norm 

MX** ■= fe(l + lel) 2s (l + |r - e\) 2h Hr,0\ 2 dr 

The expression above shows X s ' = L\H. S X . The added weight r — £ 3 for these spaces 
naturally related to the linear Airy operator d t + d xxx . For instance, the free Airy solution 
with L 2 initial data lies in this space, given an appropriate time cut-off rj E S t . 

(2) ime-tfWw = \\(i+\r-e\mr-e)m)\\mi < v , b 11/11^ 
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due to the fast decay of rf G S t . For e, 5 > 0, we have the next two embedding properties 
(refer (T5| and Bourgain O), 

(3) ll w llc t °^(RxT) <<5 ||w|| xs ,i+a, 

( 4 ) IMIl^(RxT) S,5 ||w|| x£ ,i + a- 

The following two estimates provide a convenient framework in our proof. The proofs 
in |fT51 Prop. 2.12, Lemma 2.1 1], which argues for the non-periodic case (x G R d ), can be 
easily adapted for the periodic case (see, for example [4, Lemma 7.2]). 

Proposition 1. 

Ht) f\-^ d *F(s)ds\\ x ^ +s < v , 5 \\u \\ H s + \\F\\ xSt _ h+s ). 
Proposition 2. Let t] G S t (R) and T G (0, 1). Then for — ~ < b' < b < \, s G R anJ 

^r?,&,&' T h ~ b '\\u\\ X s,b. 

Using Proposition [2l a small positive power of T can be produced by yielding a small 
portion of the Airy-frequency weight. We will not explicitly state this gain in effort to 
simplify notations, but we will assume in the sequel that the implicit constants depending 
on T will be of positive power, unless otherwise stated. 

To work with functions with mean-zero, we define a closed subspace Y s,b of X s,b (with 
the same norm) as the image of orthogonal projection P : X s ' b — > Y s,b defined by 

P(u)(x) := u{x) — I udx. 

Jt 

We briefly review the main result of AH for the periodic KdV. Kenig, Ponce, Vega proved 
the bilinear estimate 



(5) \\d x (uv)\\ Y _ s> _i +s < s ,«5 \\u\\ Y _ St i +s \\v\\ Y _ s> i +s 

for < s < 1/2 and 5 > small. Since we are concerned here with local-in-time solution, 
we characterize the solution u of (Q~|) over the time interval [0, T] by the identity, 

(6) u = V (t)e- td *u + V d) [ e-^ 9 *d x (u 2 )(s)ds. 

1 Jo 

Then Proposition Q] and [2] gives that there exists a > large so that, for T ~ ||u ||^" s , 
the contraction argument will hold on a small ball in Y~ s '^ +S centered at rj{t)e~ td ^uo . In 
particular, we have Pw = u and ||w|| Si i +6 ~ ||mo||h- s - 

Furthermore, if we assume u to be real-valued, then we have u{— £) = We will 

assume this relation in our proof. 



(8) 
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3. Proof of Theorem Q] 

3.1. Setting of the problem. We now turn our attention to ([I]). Let u be the local solution 
of © as characterized in ©. Setting v := (V) s u, we have 

(7) v t + v xxx = Af{v, v), v(0) = fe L 2 (T) 

where we assume f f dx = and J\f(u,v) := d x (V)~ s [(V) s u(V) s v }. In particular, the 
bilinear operator J\f contains a spatial derivative, thus J\f = P o J\f itself has mean-zero. 

We construct the bilinear pseudo-differential operator T by the formula 

Then the Airy operator acts on T in the following manner: 

{d t + d xxx )T(u, v) = T{{d t + d xxx )u, v) + T(u, (d t + d xxx )v) + M(Pu, Pv). 

If we write h = T(v,v) where v solves © (recall v = Pv) and change variable by 
v = h + z, then z satisfies 

(d t + d xxx )z = -2T(Af(v,v),v); 
z(0) = f-T(f,f). 

For the right side of ©, we note that 

T(J\f(v,v),v) = P(V)- s (P[(V) s v(Vrv]^v). 

We adapt the computations in ifTTTl to simplify Fourier coefficients of the above expres- 
sion as follows. For £ ^ (recall v(0) = and v(—£) = v(£)), 

^[p(v)- s (p[(v)^(v)^]^^)](o = Yl 

6 + 6 + & = 5 

£ (i ''J;':f''' ^.M6)?(&) + 

« 1 +«a)(6+C3)«a+Ci)?4 ^ 3 ^' 

E - ^h^mo- 

Ki + 6»)(6 + &)«a+&)*o 

We say that the first term on the right side of above is non-resonant and denoted AflZ(£ ) , 
and the second one is resonant and denoted 7£(£). Then we can rewrite © as 

(d t + d xxx )z = -2[J^\NH) + 7^]. 
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To deal with the resonant term, we construct a solution map for the IVP 

(ft + = -2£^oTl^)l 2 ^ e ^ 

<0) = / G L 2 (T). 



We accomplish this by constructing a solution through the map R : L 2 — > C®L\ defined 



^i/«)i 2 y(^+^)_ 



(9) R[f](t,x):=J2f(Oe 21 - 

We remark that i?*[wo] in the statement of Theorem \T\ corresponds to (V) s -R[(V)~ s w ]. 
For constructions and properties of such solution maps, refer to [fT51 Exercise 4.20-21]. We 
perform another change of variable z = R[f] + w to obtain the equation for w (recall that 

now v = R[f] + h + w), 



(10) 



(d t + d xxx )w = -2^\UTi) + 2E^ ^B{R[j]{i),h{i),w{i))^ x 
w(0) = -T(fJ) e H\T) 



where B(x, y,z) := \x + y + z\ 2 (y + z)+x\y + z\ 2 + x 2 (y + z) + \x\ 2 (y + z) for x, y,z G C. 
Heuristically is the least smooth term among the three, so it is to our benefit that the 

particular tri-linear form in (flOl) excludes the Fourier coefficients |i2[/]| 2 i2[/]. 

3.2. Estimates for the non-linearities. In this section, we establish necessary estimates 
for the contraction argument of (flOl) in F2>2 +<5 . 

First, we examine mapping properties of T. The next lemma gives that T(f,f) e H 1 (T) 
and also h £ L^H^ due to the embedding ©. 

Lemma 1. T : L 2 (T) x L 2 (T) — > i/ 1 (T) is a bounded bilinear operator. 
Proof. Let u,v E C°°(T). Then 

(11) ||T(« )W )|| Hi ~|| £ ^^l^T^/f^ ^iMe-eOll^zuo})- 



By symmetry, we can assume |£i| > |£ — £i|. Then by Holder and Sobolev embedding, 

m<M\\j2\mi)§^M\\ l¥z) 

< M||J^ 1 [|«I]|a iB |-*- e ^ 1 [|«I]||^ C D <e M\\u\\ LHT) \\v\\ LUT) 

where 

M:= sup «■)•«-&)•«>-. 

It is easy to see that M is a bounded quantity if s < 1/2, thus the claim follows. □ 
We derive the necessary estimates for the non-resonant term in the next lemma. 
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Lemma 2. For v e F°'§ +<5 and s < 1/2, we have 

ll-^CA^IU-i* \M 3 y0 i +s . 



1 T 



Proof. Note that for all the terms above, || • \\x*,>> — II ' II y s . 6 - Thus it will suffice to show 
the desired estimate with respect to the X s ' 6 norm. 

For this trilinear estimate, we use the embedding ©. First we localize each variable in 
terms of its dispersive frequencies, i.e. (tj — £|) ~ Lj for j = 1,2,3 and (r — £ 3 ) ~ L, 
where L, Lj > 1 are dyadic indices. We only need to insure that the final estimate includes 
L~| x for some e > so that sum in these indices (and also gain a small positive power of 
T). 

First consider the case when L 3> max(L 1; L 2 , L 3 ). From the identity X^=i( r j — £f ) = 
(r - £ 3 ) + 3(6 + 6)(6 + 6X6 + 6) for every £ J =1 6 = £ and g =1 r d = r, we can 
deduce that L~ |6 + 6116 + 6116 + 61 > 1- 

For fixed L, L\, L 2 , L 3 , apply Plancherel and Holder, followed by © to obtain 

ii \^ (6) s (6) s (6) s (6 5_s \~i£ \ ~/ t \ ~/ 1 wi mi 

II , -f3\£~* ^(fl) ^fe) *r u(6)](r)|Uai|( Z \{0}) 

(6+6X6 + 6X6 + 6)^0 ^ 3 ^ r * / 2 

<, M'\\^s * (£} * €r s )\\ L *q ~ m'ik^) 3 !!^ < m'ii^ii^ < 5 m'imi 3 ^ 

where uTtf(r,0 := (£)~ 5 \v\(t,£) and 

(12) M':= sup &>' +5 <6)^te)-«(0-' 



(6 + 6X6 + 6X6 + 6)7^0 |6l^ 2 
6 + 6 + 6 = f, 6^0 



(£i)' +s (£2) a+s (£)*-' 

.i l + i ,.. iJ + tl , Iit+ &)^o |6I 1 - S - 5 (I6 + 6116 + 6116 + 6I)^ 25 ^ 



£ sup 



6 + 6 + 6 = £ 

We split into two generic cases: 1) |£| ~ |6| ~ |6l ~ |6|> 2 ) |£| ~ |6| ~ |6l > 161 
Note that the other cases are easier and naturally follow from the given cases. 

Case 1. If |6 ~ |6I ~ 161 ~ 161, note |6 + 6116 + 6116 + 61 > 6 

M' < sup ^ j— < Lit sup(6 2 ^ 1+55 < LlL. 

~ 1 . j- \ \ j- , j- 1 1 j- , j- i\I_2ArA ~ max fVsl — max 

e (16 + 6116 + 6116 + 61) 2 2d L s max * 
Case 2. If |6| ~ |6l ~ 16 » l6|,note |6 + 6116 + 6116 + 61 > (6 2 - 

M' < sup ^ j— < L~i x sup (6 5-5+45 < L 

t (16 + 6116 + 6116 + 61)^ ' ' 
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This concludes our estimate for the case L > max(Li, L 2 , L 3 ). On the other hand, if 
Li > max(L, L 2 , L 3 ), we can use the same method as above after a brief justification. 
Note that in this case, L\ > |£i + £2! 1^2 + £3! I63 + 6J > 1- Thus the same estimates will 
follow once we can substitute L\ in place of L in (fT2j) . The following computations can 
be used to justify such substitution: Let u,v,w G X°'i +S be localized in frequency space 
with Li > L. 



\UVW\\ x0 ,_i +s 



sup 



[u * {y * w))(t, £) 



2- 7Z cs\l-s Z M)d<T 



T1+T2+T3=T 



6+6+6=? 



(r - e 3 ) 



< sup 



J2 ^NIHMM^ 



^ / / ^ 1 

a,a=l J ri+r2+T3=T 6+6+53=? L2 +5 Ll 



^ M *IMI y o i+i SUp 



P 7-2,2=1 



~M*\\u\\^ ih+e sup IIJTJ^ 



ll Z llr2,2=l 



< 5 Af*||«|| 0,1+, ||w|| x o,i+^ IMI x o, f 



where we have used Holder and © for the penultimate inequality, and 



<£>%>%> 5 



M* := sup 



-5 



Although above computations were done without the pseudo-differential operator for 
simplicity, it is easy to see that similar arguments can be used to reduce the case Lj ~ 
max(L, L±, L 2 , L 3 ) for some j = 1, 2, 3 to the case L max(Li, L 2 , L 3 ). This concludes 
the proof. □ 



The next lemma deals with the resonant terms in (flOl) . To reduce the number of cases, 
we ignore the complex conjugation. This does not cause any problem in the proof, since 
we do not take advantage of cancellations from here on. 
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Lemma 3. Let R[f] be as defined in © and let h E L™H*([0, T] x T), w E xh\+ s be 
arbitrary. Then for s < 1/2, 

II 7 R[f] {h + w)\\ L 2q i[0iT]xZ \ {0}) < T> 5 \\f\\ L 2(\\h\\ LTH i + \H\ L2H i) 

„ (0 2s+i 



— R[f]h 2 \\ L 2q^ T]xZ \ {Q}) < Ti5 



L'i\\n\\ L oo H i 



(0 2s+ ^ 



R[f}w(h + w)\\ L 2q ([OT]xmo}) < T>S T*\\f\\ L 2\\h\\ L? >H£(\\h\\ LrH i + \\w\\ i, t 



2* 

(/l 3 + W 3 )|| L 2,2 ([0iT]xZU0}) < Tj5 ||/l|||oc H l + ||W|| 3 1 



— - — hw(h + w)\\ L 2q {[QtT]xZ \ m < TtS T2\\h\\ LrH i\\w\\ x i t i +s (\\h\\ L o CH i + \\w\\ x i t i +s 

„ <0 2s+ ^ 



Prao/ Note that w,hE L 2 H%([0, T] x T) and 

||-R[/]IU t °°^([0,T]xZ\{0}) = ||/|U°°J|°([0,T]xZ\{0}) ^ ll/IU 2 - 

Then Holder's inequality combined with the above remark immediately proves the first 
estimate. 

Also for any smooth function u, note ||m|| L oo;oc < ||u||^oo^. Applying h G L^H\ C 

LfL 2 x and u> G X^ +i c LfL 2 x , the rest of the estimates above follow by the same 
method. □ 

Finally, we establish the Lipschitz continuity of the map R[f] on L 2 (T). 

Lemma 4. Let R be defined as in © with s < 1/2 and 7 G R. Then for any f,g E L 2 (T) 
with f-geH"f, 

\\ R [f] - R[g]\\c°HZ([0,T]xT) - C NtT \\f - 9\\hi{T) 

where \\f\\ L 2 + \\g\\ L2 < N. 



Proof. First we write /(0 = |/(0|e ia « and 0(f) = \g{0\^- Denote % := a^-^Then, 
the Law of cosines, triangle and Holder's inequality gives 



\\R[f] - R[g\\\c ?H 2(io,TixT) = sup \\(ty(\f\ e ™^(\f\ 2 -® 2 )+^ _ \g\)\\ q 

te[0,T] 4 

sup II (0 7 ( \f\ 2 + l?| 2 - 2|/||?| cos(2t^(|/| 2 - |?| 2 ) + eS) 2 \\ imm 



, . J 2 + |?| 2 -2|/||?|cos(2t^ <"' 2 



(f) 2s 

< \\m\f\-\9\)\\q+2 sup ||(0 27 l/ll?l(l-cos(2t^ / -(|/| 2 -|?| 2 ) + ^)|| i ! 

te[o,T] c, ^ u /; 

<||/-p||ffr+4 sup ||(0 27 l/ll?|sin 2 (t^(|/| 2 -|?| 2 ) + %) ||* {0}) . 

te[o,T] V ? / « v u s > 
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Using sin 2 (v4 + B) < A 2 + sin 2 B and the assumption s < 1/2, we need to estimate 

(13) Il(0 27 l/Il?l(l/| 2 -I?| 2 ) 2 |l| (z \ { o } )' 

(14) ll(0 27 l/ll?|sin 2 ^|l| (z \ { o})- 

The bound for (TTSl is straight-forward. By Holder's and triangle inequalty, 

m < \\f\\U\9\\iMy(f -m?\ + i?dii^ s imiiNiiu/ -g\\^. 

For (fl4l) . we apply the Law of sines. Without loss of generality, we can assume 6% G 
(0, tt). Noting that the triangle with side-lengths equal to |/|, |g|, \ f — g| has the angle 9^ 
which is opposite to the side with length \ f — g\, we can deduce that |/| sin^ < \ f — </| 
and likewise for \g\. Thus, 

m < iko 27 i/-?i 2 ii ; ! ~ \\mf-g\h ~ 11/-^. 

□ 

3.3. Conclusion of the proof of Theorem Q] Now we turn to the proof of Theorem [Q 
Note that the existence of w E L 2 X ([0, T] x T) as the solution of (flOl) is given by the de- 
composition w = v — R[f] — h. However, we claim that the solution w lives in a smoother 
space, that is Yi'2 +S . 

Let T e (0, 1/2) be small. We construct the Duhamel map A T on Y^'^~ s by 

(15) [AH (t) := - V (t)e- ta *T(f, f) + r^) jf e^ 9 * [M + A4] 
for any w G Y^'h +S where 

Let B be a ball in F2-2+" 5 centered at —r](t)e~ td ^T p (f, f) with sma// radius. Then our 
aim is to show that, for T small, is a contraction map on B. 

From Proposition [H we have 

For, the first term, we apply Lemma [D 

(16) \\T(fJ)\\ i <||T(/,/)||^<||/||i 2 . 

For the non-linear term A/i, we use Lemma [2] and ||f|| y0 i +a ~ ||/||l 2 > 

(17) IIMH J,-** <8,T \\V\\ 3 Y0 ,1 +S ~ ||/||| 2 . 
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n < H 2 xi+S ~ ll/lll- 



For the last term J\f 2 , we apply Lemma [3] and ||/i||i°°fri 
(18) 

(0 2s+ ^ - — ■ ~ 

HJVa || i.-i+s S,t || — t — B(R[f},h,w)\\ L 2q i[0>T]xzm) <s,T,\\f\\ L 2 H| 3 +IM| 2 +IMI+ 1 

where the implicit constant in the last inequality involves a positive power of ||/||x 2 - Thus 
making T suitably small with respect to ||/|| L 2, we note that A T is a contraction on B. 

To show Lipschitz property, let R[f k ), h k , w k for k = 1, 2 be the corresponding solutions 
with / replaced by f k . Recall v k = R[f k ] + h k + w k . Then we need to show 

II 1 2 II <r II j-1 x>2|| 



\v--vr\\ i <ns II/ 1 - f 



where ||/ 1 ||l2 + ||/ 2 ||l 2 < N. For the first term, we apply LemmaHl 
\\R\f 1 } - R[f 2 }\\ i <N8 Wf-fW i. 

For the second term, we use Lemma [TJ and Lipschitz map of © to obtain 



From the formulation (1151) . we have 

ll^ 1— ^ 2 || a < \\w — w 2 \\„i i, 4 

2 

< ra 1 , z 1 ) - nf, f)\\ h + - a/?iu-i+, 

where for J\f k is defined with respect to the initial data f k for k = 1, 2. Then the desired 
estimate follows from estimates ([TBI through ([T8l . 
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